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Abstract. In this article we study a class of stochastic functional differential equations driven 
by Levy processes (in particular, a-stable processes), and obtain the existence and uniqueness of 
Markov solutions in small time interval. This corresponds to the local solvability to a class of 
quasi-linear partial integro-differential equations. Moreover, in the constant diffusion coefficient 
case, without any assumptions on the Levy generator, we also show the existence of a unique 
maximal weak solution for a class of semi-linear partial integro-differential equation systems 
under bounded and Lipschitz assumptions on the coefficients. Meanwhile, in the non-degenerate 
case (corresponding to A^ 2 with a e (1, 2]), basing upon some gradient estimates, the existence 
of global solutions is established too. In particular, this provides a probabilistic treatment for 
non-linear partial integro-differential equations such as the multi-dimensional fractal Burgers 
— ■ equations and the fractal scalar conservation law equations. 
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1. Introduction 

Consider the following multi-dimensional fractal Burgers equation in R d : 

O • 

■ d t u = vA a/2 u - (u • Vu), t > 0, w = u>, (1) 

cn 

\Q ■ where u = (w 1 , • • • ,u d ) and v > is the viscosity constant, A a/2 with a e (0,2) is the usual 
fractional Laplacian defined by 



P f u(x + z)-u(x) 
* -i(x) := lim — 

^ J| Z | >£ Z ' 



A a ^u(x) := lim | , ' - dz. 



This is a typical non-linear partial integro-differential equation and regarded as a simplified 
model for the classical Navier-Stokes equation when a = 2. Recently, there are great interests 
for studying the multi-dimensional Burgers turbulence (cf. (SIISl), the fractal Burgers equation 
(cf. [f3l|9l|5l) and the fractal conservation law equation (cf. flU), etc. All these works are based 
on the analytic approaches, especially energy method, Duhamel's formulation and maximum 
principle. 

The purpose of the present paper is to give a probabilistic treatment for a large class of quasi- 
linear partial integro-differential equations. Let us first introduce the main idea. By reversing 
the time variable, one can write Burger's equation (0Q) as the following equivalent backward 
form: 

d t u + vA a/2 u - (u ■ Vk) = 0, t < 0, u = <p. (2) 

Now, consider the case of a = 2, and for a given smooth solution u t (x) e C^°(R rf ; R d ) to the 
above equation, let X t s (x) solve the following stochastic differential equation (abbreviated as 



* This work is supported by NSFs of China (Nos. 10971076; 10871215). 

1 



SDE): 



dX tjS (x) = -u s (X t<s (x))ds + V2vdW,, s e [t,0], X u (x) = x, 



(3) 



where (Wj)j<o is a rf-dimensional standard Brownian motion on R_ := (-00, 0]. By Ito's formula 
and the Markov property of solutions, it is well-known that 

u t {x) = E<p(X t , (x)). (4) 

Conversely, assume that (u,X) solves the implicit system © and ©, then u also solves the 
backward Burgers equation ©. This type of implicit stochastic differential equation has been 
systematically studied by Freidlin [|7l Chapter 5] (see also ll4~l[T4"10. 
Let us now substitute © into ©, then 

dX Us (x) = -[Ecp(X sfi (y))] y=XiAx) ds + V^dW,, s e [t, 0], X u {x) = x. (5) 

Using the Markov property of solutions, one can write the above equation as a closed form: 

dX,,,Gc) = -E^<p(X t>0 (x))ds + V2vdW s , s e [t,0], X tJ (x) = x, (6) 

where ^ t>s = cr{ W r - W t : r e [t, s]}, and E^'-' denotes the conditional expectation with respect to 
& t>s . The question is coming up: Suppose that stochastic equation © admits a unique solution 
family {X t>s (x) : t < s < 0, x G W 1 }. Does u t (x) defined by © solve Burgers equation ©? 
For answering this question, the key point is to establish the following Markov property: for all 

h < h < h < and x e R d , 

B^{ip(X tuh (x))) = E(<p(X t2)t3 (y)))\y=x, ut2 w a.s. (7) 

so that equation (J6]) can be written back to ©. This seems not obvious. On the other hand, if we 
change the Brownian motion in © by an a-stable process as done in lfT6ll . then it is naturally 
expected to give a probabilistic explanation for fractal Burgers equation ©. 

Basing on this simple observation, in this paper we are mainly concerned about the follow- 
ing general stochastic functional differential equation (abbreviated as SFDE) driven by a Levy 
process (L f ) K0 : 

dX t<s (x) = G s (x t>s -(x), E^-((p s (X t ,(x))))dL s , s e [t, 0], X u (x) = x, (8) 

where & s := cr{L s > - L s » : s" < s' < s}, G and <p are some Lipschitz functionals (see below). 
In Section 2, we are devoted to proving the existence and uniqueness of a short time solution as 
well as Markov property © for equation © under Lipschitz assumptions on G and <f>. More- 
over, the local maximal solution is also achieved. Since the Levy process usually has poor 
integrability, we have to carefully treat the big jump part of the Levy process. Compared with 
the classical argument in Freidlin [8], it seems that SFDE ® is easier to be handled since it is 
a closed equation. 

Next, in Section 3 we apply our result to a class of quasi-linear partial integro-differential 
equation (abbreviated as PIDE) and obtain the existence of short time solutions. Here, we 
discuss two cases: G and admits to be linear growth, but Levy process has finite moments of 
arbitrary orders; G and (p are bounded, but equation © has a constant coefficient in big jump 
part. This is natural since only big jump is related to the moment of Levy process. 

In Section 4, we turn to the investigation of the following system of semi-linear PIDE (non- 
linear transport equation): 

( d,u t + Lou, + (G t (x, u t ) ■ V)u t + F t (x, u t ) = 0, 

\ (t, x) e R_ x R d , u Q (x) = (f(x) e R m , { } 
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where Xo is the generator of the Levy process given by (fl"5l ) below. It is observed that the 
following scalar conservation law equation can be written as the above form: 

d t u t + £ u, + div(g t (x, u,)) + f t (x, u t ) = 0, 

(t, x) e R_ x R d , uq(x) = (f(x) e R. K } 

In particular, one-dimensional fractal Burgers equation © takes the above form. In equation 
®, since there are no any analytic properties to be imposed on £ , one can not appeal to 
Duhamel's formula or energy method to give an analytic treatment. In this situation, proba- 
bilistic approach seems to be quite suitable. In fact, by using purely probabilistic argument, 
we shall prove in Theorem 14.21 below that PIDE © admits a unique maximal weak solution in 
the class of bounded and Lischitz functions. In the case of non-degenerate (corresponding to 
subcritical case for Xo = A a/2 with a € (1,2]), the existence of global solutions is also obtained 
by applying some gradient estimates. We mention that for one-dimensional Burgers equation 
(OQ), it has been proved in [9] that global analyticity solution does exist for a e [1,2], and finite 
time blow up solution also exists for a e (0, 1). However, in the critical case of a = 1, the 
existence of global solutions for general equation © is left open. 

We conclude this introduction by introducing the following conventions: The letter C with or 
without subscripts will denote a positive constant, whose value may change in different places. 
If we write T = T(K l ,K 2 , ■ ■ ■ ), this means that T depends only on these indicated arguments. 

2. A STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATION: SHORT TIME EXISTENCE 

2.1. General facts about Levy processes. Let (L t ) teR be a R.'"-valued Levy process on the real 
line and defined on some complete probability space (Q, ^ ,P), which means that 

• (L t )teR has independent and stationary increments, i.e., for all -oo < t\ < t 2 ■ ■ ■ < t n < +oo, 
the random variables (L h - L h , ■ ■ ■ ,L, n - L tn _,) are independent and have the same laws as 
(Lt 2 -h ~ Lq, • • • , L tn - tn l — Lq). 

• For P-almost all co e Q., the mapping t h-» L t (oS) is right-continuous and has left-limit (also 
called cadlag in French). 

Let be the total of all P-null sets. For -oo < t < s < +oo, define 

& u := <r{L r - L r ,; r, r e (t, s]} V jV . 

By the independence of increments of Levy process, it is easy to see that for -oo < t\ < t% < 
t 3 < +oo, & tut2 and ^ t2 M are independent. For simplicity of notation, we write 

s — — oo,s, ^ s- •— v t<s^s t- 

It is clear that & t c & s if t < s, and s \-> is left-continuous. Throughout this paper, we 
shall work on the negative time axes IL := (-oo, 0]. 

Remark 2.1. For any measurable process j] s 6 L l (Q,JP ,P), s < 0, by the predictable pro- 
jection theorem (cf. TTH p.173, Theorem 5.3]), there always exists a predictable version of 
s — » E(^|^s-), which will be denoted by E "~(t] s ). Moreover, for any ^ e ^(Q, J^q, P), by the 
regularization theorem of martingales (cf. [|T2l p.64, Proposition 2.7 and p. 65, Theorem 2.9]), 
we have 

limE^-(^) = E^(£) = E^'(^), a.s., 
where the second equality is due to P{L S = L s _} = 1. 

By Levy-Khintchine's formula (cf. [1, p. 109, Corollary 2.4.20]), the characteristic function 
of L t is given by 

E(e ,f Lf ) = exp \t ib-t + ?M + J [1 - e iH + % ■ zl w <i]v(dz) | =: e m ^\ (11) 



where is a complex-valued function called the symbol of (L t ) t<0 , and b e R m , A e R m x 
is a positive definite and symmetric matrix, v is the Levy measure on R m , i.e., v{0} = and 



f 



1 A |z| 2 v(dz) < +oo. (12) 



We call 

s/:=(b,A,v) (13) 

the characteristic triple. If b = 0,A = 0, v(dz) = rib. where a 6 (0,2), then L f is a standard 
a-stable process and its generator is the fractional Laplacian A a/2 by multiplying a constant c m<a . 
By Levy-Ito's decomposition (cf. 01 p.108, Theorem 2.4.16]), L t can be written as 

L t = bt+W? + f zN(t,dz)+ f zN(t,dz), (14) 
J\z\<i J\z\>i 

where Wf is a Brownian motion with covariance matrix A = (a,- 7 ), N(t, dz) is the Poisson random 
point measure associated with (L t ) t<0 given by 

N(t,T) := Yj h(L s -L s _),T£ S(R m ), 

c<j<0 

and iV(f, dz) := iV(f, dz) - fv(dz) is the compensated random martingale measure. Here, (Wf)^ 
and (N(t, dz)) f<0 are independent. The generator of L t is given by 

£ u(x) = \ajjdid;u + bjdjii + \ \u(x + z) - u(x) - l\ z \ < id i u(x)Zi]v(dz). (15) 
2 Jr». l j 

Here and after, we use the usual convention for summation: the same index in a product will be 

summed automatically. 

In the following, we denote by D the space of all cadlag functions from R_ to W 1 , which is 
endowed with the locally uniform metric p. Notice that this metric is complete but not separable. 
For given t < and a cadlag function / : [t, 0] — » R rf , we extend / to R_ in a natural manner by 
putting f(s) = f(f) for s < t so that / e D. 

2.2. A general case. In this subsection, we consider the following general SFDE in W 1 driven 
by Levy process (L s ) s<0 : 

X t>s = £ + f G r (x t ^, B^-(cf> r (X t ,)))dL r , f < s < 0, (16) 

where £ e & u G : R_ x R d x R* -» R d x R m is a measurable function, and ^ : R_ x B — > R* is a 
uniformly Lipschitz continuous functional in the sense that 

iuii |0,(o;) - 0,(o/)| ^ 

||0|| L!> := sup sup < +oo, (17) 

.veR_ w^w'eD P(&>, 0> ) 

where p(a>, &/) := 2 " (l A su P.ve[-«,o] I^C 5 ) _ ^'Wl) is the locally uniform metric on D. 
The definition about the solutions to equation (fT6l) is given as follows: 

Definition 2.2. For fixed t < and £ 6 an (j^ '^-adapted cadlag stochastic process X s =: 
X Us (g) is called a solution of equation rfTol) if for all s e [t, 0], 



X 4 . = f + f G r (x r „, E # ' (0 r (X)))dL r , a.*. 



For r < 0, w ca/Z that equation §Wj) is (uniquely) solvable on (T, 0] (or [T, 0]) if for all 
t 6 (r, 0] (or t 6 [T, 0]) and £ 6 & t , equation H6\) has a (unique) solution starting from g at 
time t. 
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Remark 2.3. In this definition, it has been assumed that (p r (X.) e L l (Q, JP , P) so that E^ r ~ ((f) r (X.)) 
makes sense by Remark \2J\ and further the stochastic integral with respect to the Levy process 
in the definition makes sense. 

Below, we make the following assumptions on the coefficients and the Levy measure: 

(H G ) For some K , K x > and all s < 0, x, x' e R d , u, u' e R k , 

|G,(0, 0)| < K , \G s (x, u) - G s (x', u')\ < K^(\x - x'\ + \u- u'\). 

(H{!) For some j3 > 0, 

\zfv(dz) < +oo. 



'\z\>l 

Remark 2.4. Condition (Hy), which is a restriction on the big jump of the Levy process, is 
equivalent to say that the fi-order moment of Levy process is finite (cfi lfT3l Theorem 25.3]). It 
should be noticed that for a -stable process, condition (Hy) is satisfied only for any J3 < a. 

Now we prove the following result about the existence and uniqueness of solutions for equa- 
tion (fT6l) in a short time. 



Theorem 2.5. Assume that (H G ) and (Hy) hold for some jS > 1, and (p is a Lipschitz continuous 
functional on D (see (123)). Then there exists a time T = T(K^ \\(f>\\np) < such that 
equation rfTol) is uniquely solvable on [T,0] for any ti 3 -integrable initial value, and for some 
C = C(T, K Q ) and any t e [T, 0], £ e & t , 

e(su P \X t M)f\ < CE\gf. (18) 

W[f,o] / 

Moreover, if g = x e R rf 15 non-random, then for any t e [T, 0), the unique solution X ts is 
^ t s -measurable for all s e [t,0]. 

Proof. We prove the theorem for fi e (1,2). For fi > 2, the proof is similar and simpler. Fix 
t < 0, which will be determined below. For £ e lP(Q., P), set = £ and let X^ be the 
Picard iteration sequence defined by the following SDE with random coefficients: 

X<5=f+ f G r (x^,E^(MXt- l) )))dL r , (19) 

J(f,.v] 

which is uniquely solvable by the classical result (cf. IfTTl Page 249, Theorem 6]). 
Set 

7<") ._ y(«+l) _ y(n) 
^t,s -~ A t,s A t,s ■ 

Using Levy-Ito's decomposition (fl4)) . one can write 

Z%*= f f Qf -zN(dr,dz)+ f f Gf ■ zN(dr,dz) 

J(t,s]J\z\<l J(t,s] J\z\>\ 

f g^-bdr+ f Gfdw^ 

J(t,s] J{t,s] 

=: lf(s) + lf(s) + I ( f(s) + I ( f(s). 

where 

:= G r {x^_ l \^-(<p r (Xf))) - G r (xl%,E^-(4> r (Xt l) ))). 

By Burkholder's inequality (cf. [10, Theorem 23.12]) and Young's inequality, thanks to f3 e 
(1,2), we have that for any e e (0, 1), 

E ( sup \lf\r)f) < CE ( f f \Q ( ? ■ z\ 2 N(dr, dz)\ 

\re[tfi] J \J(t,0]J\z\<l I 
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+ 



< CE ( sup l^l 2 "^ f f |0<"f • |z| 2 iV(dr, dz) 

\re[f,0] J(r,0] J| Z |<1 

< 6E ( sup I + C e E ( f f |0<"f • |z| 2 AT(dr, dz) 

Ve[r,0] / \J(r,0]J|z|<l 

= £E ( sup I + CM ( f f • |z| 2 v(dz)d; 

\re[t,0] I \J[tfi]J\z\<l 

If | f |z| 2 v(dz)Wsup 
Jki<i / W,o] ; 



< e + C 



Here and below, the constant C or C e is independent of t and n. For I^is), by Ito's formula, we 
have 

E ( sup \f?{r)f\ < E ( f f |/f (r-) + • zf - \%\r-)f N(dr, dz) 

\r£[t,s] I \J(t,s]J\z\>l 

= E ( f f |/f (r-) + 0M -zf- |/f (r-)rlv(dz)dr) 

\J(t,s]J\z.\>l 1 / 



< CI 



r\ + C 



f z /; r(dz)| 

J\z\>l 



J(t,Q] I 



which then implies that by (Hy) and Gronwall's inequality, 



E sup \lf{r)A < C\t\E[ sup 



\re[f,0] 



Similarly, we have 
and for any e e (0, 1), 



re[f,0] 



E sup \&\r)f)<(\t\-\b\fB sup 



\re[«,0] 



E ( sup \I ( "\r)f) < (e + C e |f|) E ( sup \@ff 



\re[t,0] 



\re[f,0] 



Combining the above calculations, we obtain that for any e e (0, 1), 



E ( sup \2$f\ < (6 + CM) • E ( sup \&>f 



Noticing that by (H G ), 



\re[t,0] 



\re[f,0] 



< K, (|Zj?| + ||0|| L(> E^- sup izfr" 

\.ve[(,0] 



and in view of/3> 1, we further have by Doob's maximal inequality, 

E ( sup \Z%f) < (6 + C £ \t\)Co [e ( sup |z£Yj + E ( sup IZ^f 



\i6[(,0] 

Now, let us choose 
then for all f e [7,0], 



.se[f,0] 



£ = -4- and T := - 



8C n 



8C £ Cq 



E ( sup |z£Y) < I E ( sup |ZJT X Y) < • • • < ^E ( sup izff 



(20) 



(21) 



On the other hand, notice that 



J(f,.v] 



As above and using Gronwall's inequality, it is easy to derive that 

\S€[/,0] 

Hence, there exists an (^ s )-adapted and cadlag stochastic process X w such that 



sup |Z^T UC». (22) 
«[/,0] ' / 



lim E sup \X^ - X t / = 0. (23) 

By taking limits for equation (TT9b . it is easy to see that X M solves SFDE (fT6l) . Moreover, 
estimate (fT8l) follows from (I2TT) . ([221) and (|23l) . The uniqueness is clear from the above proof. 

Suppose now that £ = x is non-random. From Picard's iteration (fT9l) , one sees that for each 
n e N and 5 e (f, 0], X ; " is & t>s -measurable. Indeed, suppose that X { "~ 1) is & t s .-measurable 
for each s e (t, 0], then it is clear that tf> r (Xl"~ ) is independent of & t . Noticing that for r > t, 
= & t ,r- v &t an d ^t,r- is independent of J?,, we have 



By induction method, starting from equation (1191) with £ = x, one finds that X™ is also ^im- 
measurable for each s e 0]. So, the limit X f jS is also & t ^-measurable. □ 

Remark 2.6. In this theorem, if G does not depend on u, then the short time solution can be 
extended to any large time by the usual time shift technique. 

2.3. A special case. In Theorem I2.5L since we require /3 > 1, the result rules out the a-stable 
process with a e (0, 1]. In this subsection, we drop assumption (Hy) in Theorem 12.51 and 
consider the following special form: 

X us = £+ f f G r (X, r .,E^-(MX t ,-)))-zN(dr,dz)+ f f zN(dr,dz) 

J(t,s]J\z\<l J(t,s]J]d>l 

+ f G r (X f>r _,E^-(^(X f ,)))-Mr+ f G r (X, r _,E^-(^(^,)))d<, (24) 

J(r„s] J(f,s] 
where £ 6 & t . In this equation, the big jump part has a constant coefficient. In order to make 
sense for the integrals, we need to assume that G and <f> are bounded. We have: 

Theorem 2.7. In addition to (Hg), we assume that G is bounded, and (p is a bounded Lipschitz 
continuous functional on D. Then there exists a time T = T(K\,stf, \\(p\\up) < such that SFDE 
ft24\) is uniquely solvable on [T, 0]. Moreover, if g = x e H d is non-random, then for any 
t 6 [T, 0), the unique solution X t s is ^ t s -measurable for all s e [t, 0]. 

Proof. Since we do not assume any integrability on the Levy process, the proof of Theorem l2.5l 
has to be carefully rewritten. 

For t < and £ e & u set Xfjj = £ and let X^ be the Picard iteration sequence defined by the 
following SDE with random coefficients: 

Xf s =%+ f f ziV(dr,dz)+ f f G r (X<; r LE^-(^? _1) )))-ziV(dr,dz) 

J(f,j]J|zl>l J(t,j]J|z|<l 

+ f G r (Xj ) _,E^-(^r 1) )))-Mr+ f G r (X f ( ; ) _,E^-(0 r (X(;- 1) )))d^, (25) 

J(f„r] J(t„r] 
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which is uniquely solvable by the classical result (cf. QT[ Page 249, Theorem 6]). 
Set 



Then, 



7 (n) 

Us 



y(«) ._ yO+1) _ y(«) 
^t,s ■ ~ A t,s A t,s • 



Qf ■zN(dr,dz)+ f @f-bdr + f g^dW* 

l(t,s]J\z\<l J(t,s] J(t,s] 




where 

Qf := G^,E^(WXj?))) - G r (x^_,E^-(MXt~% 

Since it is prior not known whether Tfl is integrable, we have to use the stopping time technique. 
For R > 0, define 

rl:=mf{se[t,0]:\Z^\>R}. 
By Burkholder's inequality, (H G ) and (fT2l) . we have 



sup \I^(s)\ 2 



< CI 



< CI 



(I I 

f f (izg 

VJ(f,r£]J| z |<l 



|^ n) -z| 2 iV(dr,dz)| 



Wl 2 _l fT>(») 



< C|?|E 



sup |Z^| 2 



+ <£W) ■ |z| 2 v(dz)dr 



+ C|f|E[ sup O^), 



where 



Here and below, the constant C is independent of and n. Similarly, we have 



sup (\I?(s)\ 2 + \I ( f(s)\ 2 ) 



< C|f|E 



Combining the above calculations, we obtain 



sup IZ^I 2 



( 



sup \Z^\ 2 



( 



Now, let us choose 



<C, 



T : = — 



sup |Z^| 2 



1 



+ C|f|E sup 

/e[?,0] 



(«) 



+ C 2 |f|E sup . 

k re[r,0] 



then for all t e [T,0], 



sup |Z^| 2 



4(c 1 + 4c 2 w\ 2 Lip y 
3(c 1+ 4c 2 ||0||2 ;> ) \ re[r ; 0] 



sup 0< n) I . 



Since the right hand side is finite and independent of R, by letting R — » go, we obtain 

lim r n R = 0, a. s., 

and so, by Fatou's lemma and Doob's maximal inequality, 



El sup IZ^I 2 ! < -El sup |Zjr ; n < • ■ • < -El sup |Z£f U --. 



re[r,0] 



1 



>-l)|2 



re [/,()] 



1 



3" \re[t,0] 



1 2 



c 



3" 



Hence, there exists an (^ s )-adapted and cadlag stochastic process X t)S such that 



lim E | sup \X)"J - X,J Z | = 0. 



By taking limits for equation (1251) . it is easy to see that X Us solves SFDE (|24|) . The rest proof is 
the same as in Theorem l2.5l □ 

2.4. Markov property. In this subsection, we prove the Markov property for the solutions of 
equations (fT6l) and (1241) . which is crucial for the development of the next section. 

We first show the continuous dependence of the solutions with respect to the initial values. 

Proposition 2.8. In the situation of Theorem\T5\ for t e [T, 0], let £ n \ £ e LP(Q, & u P). If ^ 
converges to £, in probability as n — » oo, then Xfl converges to X t>s uniformly with respect to 
s e [t, 0] in probability as n — > oo, where [X)" s ; t < s < 0} and [X t s ; t < s < 0} are the solutions 
of SFDE ((731) corresponding to the initial values % {n) and 

Proof. Define 

A n :={\^-^\<l}e^ t . 

Then we can write 

l A „(X f ( J - X t J = l A M in) - i) + f f U n @f ■ zN(dr, dz) 

J(t,s]J\z\<l 

+ f f lA„^ n) -z^V(dr,dz) 

+ f 1 A „^-Mr + f l A „^ n) d<, 

J(f.il Jfr.jl 



where 



^ := G,$J.,E^(0 r (*£>))) " G r (x ; , r _,E^-(0 r (X ; ,))). 
As in estimating (|2T|) . we can prove that for all f 6 |T, 0], 



,(l A „ • sup |xg> - X t A < CE(1 A „ • |^ - tf), (26) 



where C is independent of n. 
Now, for any s > 0, we have 



P \ sup - XJ >e\<P\ 1 A „ • sup \X^ - X t J >s\ + P(A c n ) 

Ue[f,0] J I .ve[r,0] 

< - R E (l A „ • sup \X% - X t ,f I + P(A c n ) 



eP 
C. 



S€[t,0] 



<^E(l A „-|£ (n) -£f) + P(A<). 

The proof is then complete by letting n — » oo. □ 

Remark 2.9. /n ?/ze situation of Theorem \2.7\ the conclusion of this proposition still holds, 
which can be proven by the same procedure. 

The following lemma is a direct consequence of the uniqueness of solutions. 
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Lemma 2.10. Suppose that SFDE ( fTol ) z'^ uniquely solvable on the time interval (T, 0]. Then 
for all T < t\ < ti < ?3 < and £ e we have 

X t2 , t3 (X tut2 ({)) = X tut3 (a a.s. (27) 
Moreover, for any T < t < s < 0, Xi eR d ,i = 1 , • • • , n and disjoint A ; e i = 1, • • • , n with 

U,-A; = Q, 

x us (Yu i ^ x ) = Yu lh - Xt ^ XiX a - s - (28) 

Proof. For T < t\ < t 2 < s < 0, we can write 

X tus = X tuh (0 + f G r (x tur -, E^~(0(X ?1 ,)))dL r , a.s. 
On the other hand, if we set 

Y s :=X t2>s (X tut2 (&), Vsefe,0], 

then y s satisfies 

y, = x^(£) + f G,(y r _, E^ (0(y.)))dL r , fl .j. 

Equality (1271) follows by the uniqueness. 
As for (|28T> . noticing that for all r 6 (?, 0], 

£ l Ai G r (z t , r _(^), E^-(0 r (^,(^)))) 

i 

= YjG r (l Ai X t , r -(xd, l Al B^(<f> r (x t ,.(xd))) 



£ l A ,X,, r .(x ; ),E^-(^(^ l A ,^,te))) 



V i 



it follows by the uniqueness as above. □ 

Now we can prove the following Markov property. 

Proposition 2.11. In the situation of Theorem 12. 51 or Theorem 12. 71 let {X ts (x); T < t < s < 0} 
be the solution family of SFDE fl6\) or ft24\) . Then for any T < t\ < t 2 < h < 0, x e R d , and 
bounded continuous function <p, we have 

E^(tp(X tut3 (x)j) = n<p{X h , t ,iy)))\y=x, U2 ( X ) a.s. (29) 

Proof. We only prove (|29l in the case of Theorem 12.51 By Proposition I2.8L the mapping y i-» 
E(^(X f2if3 (y))) := O(y) is continuous. So, 0(X ?1?2 (x)) is ^-measurable. Thus, for proving (|29l) . 
it only needs to prove that for any A e J^ f2 , 

E(l A( p(X tut3 (x))) = E(l A 0(Z tl ,, 2 (x))). 

Let = Zi^/Ia, De a sequence of simple functions, where x; e R rf , A, e & t2 disjoint and 
UjA; = CI, and such that 

£ (n) -> X ?1 ,, 2 (x) in as n -> oo. 
By Proposition [2]8] again, we have 

E(l A ^(Z tl)?3 (x))) ^ E(l A <p(X t2tt3 (X tut2 (x)))) 
= limE(l A ^(Z t2 , f3 (^>))) 
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limV E(l A • 1 A ^(X^(*,))). 

i 

Since X t2tt3 (xi) is ^ 2 ,? 3 -measurable and independent of J^ 2 , we further have 
E(l Ai p(X tut3 (x))) = lim^E(l A • l A ,0(x,)) 

= lim E(l A 0(^>)) = E(l A <D(X fl , t2 (;c))). 
The proof is complete. □ 
2.5. Local maximal solutions. Now, suppose that 4> takes the following form: 

cf> s (a>) = <p(a>(0))) + j s /r(w(r))dr, weD, (30) 

where tp : R rf -» R* and / : R_ x R rf -> R* satisfy that for some i£ 2 > and all seL and 

x, x' e R d , 

\<p(x) - <p(x')\ + \f s (x) - f s (x')\ < K 2 \x - x'\. (31) 
In this case, we have the following existence result of a unique maximal solution. 

Theorem 2.12. Assume that rtiTT) . (Hg) and (Hy) hold for some fi > 1. TTien riiere ex/*?* a rime 



r = T(K\ , A^ 2 , £/,/?) < such that SFDE < U6\) is solvable on (T, 0] for any initial value x e R d , 
and 

V II II \u,(x) - u t (x')\ 

hm\\u t \\ Lip := sup ■ = +oo, (32) 

tu xtx'eK d \ x x I 

where 

« ( (x):=eU,oW)+ f /,(X r ,,(x))dsV (33) 



Moreover, the family of solutions {X Us (x), T < t < s ^ 0, x e R d } is unique in the class that for 
all T < ti < t 2 < h < and x e R d , 

X Jutl (x) 6 Z/(Q, & tuh ,P), X tut3 (x) = X t2tt3 (X tut2 (x)) a.s. 

We also have the following uniform estimate: for any T e (T, 0) and x e R d , 

sup e(su P \X Us (x)A<C x . (34) 

te[T',0] W,0] I 

Proof. First of all, let T Y be the existence time in Theorem [231 By (|26l ), there exists a constant 
C = C(Ki , i£ 2 , > such that for all x, x' e R d and te[T u 0], 

sup - X hs (x')f) < C|jc - x'f. 

Using this estimate and (|3TT) , it is easy to check that 

\\u Tl \\Lip < +°°- 

Next, we consider the following SFDE on [t, T{\, 



X, s (x) = x + 



^ ^ G, (x t>r _(x), E^-(u Tl (X uTl (x)) + J ' fAX ty (x))dr'fj dL r 



n 



Repeating the proof of Theorem |2.5[ one can find another T 2 < T\ so that this SFDE is uniquely 
solvable on [T 2 , T{\. Meanwhile, one can patch up the solution by setting 

X us (x) := X TuS (X m (x)), Vs e [T u 0], t e [T 2 , T{\. 

It is easy to verify that {X t>s (x), T 2 < t < s < 0, x e R d ] solves SFDE ([[6]) on [T 2 , 0]. Proceeding 
this construction, we obtain a sequence of times 

> T x > T 2 > ■ ■ ■ T n i T, 

and a family of solutions 

[X tiS (x),T < t < s < 0,x e R d }. 

From the construction of T, one knows that (1321) holds. As for the uniqueness, it can be proved 
piecewisely on each [T„, T n _i\. Estimate (1341) follows from (PT8T) and induction. □ 

Remark 2.13. By this theorem, for obtaining the global solution, it suffices to give an a prior 
estimate for WurWup = IIVMrlU. 

The following result can be proved similarly. We omit the details. 

Theorem 2.14. In addition to 071) and (H^), we assume that G, ip and f are uniformly bounded. 
Then there exists a time T = T(K\ , K 2 , &/) < such that SFDE j\2M is solvable on (T, 0] and 
estimate ftT2\) holds. Moreover, the family of solutions {X ts (x), T<t<s<,0,xe M. d } is unique 
in the class that for all T < t\ < t 2 < t^ < and x e W 1 , 

Xti,t 2 (x) £ ^ti,t 2 > X tlt t 3 (x) = X tl j 3 (X tut2 (x)) a.s. 

3. Application to quasi- linear partial integro-differential equations 

In this section, we establish the connection between stochastic functional differential equation 
and a class of quasi-linear partial integro-differential equations. For this aim, we consider (p 
taking the form (1301) and assume that for some k eN, 

(Hk) G, f and tp are continuous functions, and for any j = 1, • • • , k, V 7 G J (x, u), V ; / S (x), W</?(jc) 
are uniformly bounded continuous functions with respect to s e R_, where V ; denotes the j'-th 
order gradient with respect to x, u. We also denote 

JT := sup(||VGJL + ||V/ 5 |L) + ||V^|L. (35) 

Under this assumption, it is clear that (13TT) and (H G ) hold. Let u t (x) be defined by (|33l) . By 
Theorem 12. 12[ the mapping x h-» u t (x) is Lipschitz continuous. However, it is in general not 
C 2 -differentiable since we have poor integrabilities for VX tiS (x). This difficulty is caused by the 
non-constancy of the big jump. We shall divide two cases to discuss this problem. 

3.1. Unbounded data and v has finite moments of arbitrary orders. In this subsection, we 
consider equation (fT6l) . and assume that (H*) holds for some k > 3, and (Hy) holds for all/3 > 2. 
In this case, we can write 

L t = bt+Wf+ f zN(t,dz), 

where b = b + f zv(dz) e R m . 

Let T < be the maximal time given in Theorem 12. 1 21 and {X ts (x), T<t<s^0,xe R d } 
the solution family of equation ([Tot . For simplicity of notation, below we shall write 

Qur := QxM ■= °r ix t , r -(x), E *~ (<p(X tfl (x)) - J /^(X^(x))dr')J . (36) 
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Let g : R rf — » be a C 2 -function with bounded first and second order partial derivatives. By 
Ito's formula (cf. 03 p. 226, Theorem 4.4.7]), we have 

g(X t , s ) = g(x) + f f + ^ (/ • z) - - 5 i g(X (/ _)^z i ]v(dz)d/- 

J(l,s]JR m 

+ f d i g(X t , r -)@ i l r b j dr+\ f didjgiX^WlrAQjj&r + Ml, (37) 

J(t,s] £ J(t,s] 

where 

K : = f f ta,r-+^-z)-g(^, r _)liV(dr,(k)+ f d i8 (X Ur _)^ r d(Wy 

J(t,s]JR m J(t,s] 

is a square integrable (J^J-martingale by (|34l) . Here and below, the superscript "t" denotes the 
transpose of a matrix. 

Fix t 6 (T, 0] and /z > so that t — he(T, 0]. By taking expectations for both sides of (1371) . 
we have 

1 



-[Eg(X t . Kt ) - g(x)] = I\(h) + I 8 2 (h) + I g 3 (h), 



where 



f(h) := 1e| £ [g(X,_ A , r + • z) - g(X f _ A , r ) - d ig {X t - Kr )&t_ h ^]v(dz)dA 
(h) := ±E^ 3,g(X /ir )^ r S y drj,/fW := ^e(J^ 3$ jg (X t , r W t _ h tr A0,- h , r ) i3 dr 



l 2 



We have 

Lemma 3.1. As /z J, 0, if /zo/ds f/zaf 



/?(&)-» f [g(* + ^(x)-2)-g(x)-a f g(x)^(x).Zylv(dz)dr, 
-> dig(x0! J (x)hj, I 8 3 (h) -> y# j8 (x)(&{x)A& t {x)y J , 

%{x) := G, |x,e(«,o(*)) + J /,(X,,,(*))ds) 

Proof. We only prove the first limit, the others are analogous. By the change of variables, we 
can write 

I* (h) = E I I fgCXfr.^^ + Qt-h,t-hs ■ z) - g(X t _ Kt _ hs ) - dig(X t _ h)t _ hs )g l t J _ h t hs Zj\v(dz)ds 

\Jo JR"< 

Notice that 

Xt-hs-hi(x) - x = I I Qt-nM) ■ zN(dr, dz) + I Qt-hA*) ' bdr 

J{t-h,t-hs]jR m J(t-h,t-hs] 

+ f 0t-hAx)dWf =: UK) + UK) + J 3 (h). 

J(t-h,t-hs] 

By the isometric property of stochastic integrals, we have 

W,{h)\ 2 = e( f f • z| 2 v(dz)dr) 

\Jf-/7 Jr" 1 
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<|/i|e( sup \g t - Kr (x)\ 2 f \z\ 2 v(dz) 

\re[t-h,t-hs] JtL m 

^C\h\E\ sup \X^ hr (x)\ 2 ) 5*0 as/? | 0. 

Similarly, 

E\J 2 (h)\ 2 + E\J 3 (h)\ 2 -» as ft | 0. 

Hence, for fixed 5, x, 

limE|X ; _ /7 t _ hs (x) - x\ 2 = 0. (38) 

Notice that 

E g(X t -h,1-hs + Qt-Kt-hs ■ Z) ~ g(X t -h,t-hs) ~ dig{^t-h,t-hs)@' t ] _ h t _ hs Zj 

J [dig(X t - h<t - hs + QQt-hj-hs ■ z) - dig(X t - h<t - hs )]de\ Q\ } _ h t _ hs Zj 

2 |„|2 /-^tc I IV /'.,\|2||„|2 



< CE|^_,, S | 2 • \ z f < CE sup IX^WI 7 \\z\ z < C\z\ z . 

\re[t-h,0] ) 

Thus, for proving the first limit, by the dominated convergence theorem, it suffices to prove that 
for fixed s e [0, 1] and z e R m , 

eI [d ig {X t . Kt . hs + OQt-K-H, ■ z) - d ig {X t - Kt - hs )]^Ql ht _ hs Zj 

-> | [d ig (x + mix) ■ z) - d ig (x)]d6^ & t iJ (x)Zj as h | 0. 

By (|38l) and Remark [2TTT this limit is easily obtained. □ 

We also need the following differentiability of the solution X tiS (x) with respect to x in the 
Z/-sense. 

Lemma 3.2. For any p > 2, there exists a time T* = T t (p, k, srf , JXf) e (T, 0), where s$ is 
defined by (1221), and ,J>(f is defined by ( TJ51) . such that for any T % < t < s < 0, f/ze mapping 
x i— > X fjiS (jc) C k ~ l -dijferentiable in the LP -sense and for any j = 1, • • • , A: - 1, 

sup sup E]V ; X.sWr < +°°- 

Proof. Since the proof is standard, we sketch it. Let {e,, i = 1, • • • ,d} be the canonical basis of 
R d . For 6 > and i = 1, • • • , d, define 

A ;,i •- a i,jW ^ 

and 

:= »i, s W = t » 

where Q tiS (x) is defined by (l36l) . Then, 

(39) 



*S = e» + f f 0g-z#(dr,dz) + f 0g-Sdr + f ^gdW^. 
As in estimating ([201) . by Burkholder's inequality, we have that for any p>2, 



sup < c pM \m sup | . (40) 

re[f,0] / Ve[f,0] 
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Moreover, by (H*), we easily derive that 



sup \g?i\ p Uc.xE sup \xflf 

r€[t,0] / \re[t,0] 

Substituting this into (1401) . we find that for some C p ^^ > independent of x, t and 8, 



sup |X* j < C lM \t\E\ sup \Xfi\"\. 

rs[t,0] / \re[t,0] / 

From this, we deduce that there exists a time T t = T*(p,&/,J^) e (T,0) such that for all 
t e [T„0], 

sup sup sup E(sup < +00. (41) 

5£(0,1) xeRJ te[T,fi] \re[f,0] ' / 

On the other hand, let Y l ts = Y l ts (x) satisfy the following SFDE: 

Y{ s = e t + J V x G r ix t<r _(x),E^-(<p(X tt0 (x)) - J f,{X ty {x))dr'^ Y\ r dL r 

+ J V y G r (X t>r , E^-(<t> r (X t ,))) ■ E^- (v^(Z ( , )Fj + J Vf^X^Y^dA dL r , (42) 

which can be solved on IT*, 0] as in Theorem l2.5l Using the uniform estimate (I4TT) . it is standard 
to deduce that 



limEl sup \Xf' r (x) - Y tr (x)\ p \ = 0. 



re[t,Q] 



In particular, 



sup sup E sup IF'j.Cx)!^ ) < +00. 

xeR d te[T,fl] W,0] 



The higher derivatives can be estimated similarly from (1421) . □ 

Now we can prove the following result, which is originally due to EMHEZll- 

Theorem 3.3. Assume that (H k ) holds for some k > 3, and (H^) holds for all fi > 2. Let 
{X t s (x), T < t ^ s ^ 0, x e W 1 } be the maximal solution of SFDE ( 1241) in Theorem \2.12\ and 
u t (x) be defined by 

u t (x) := E<p(X tfi (x)) +eU f s (X t>s (x))ds\ . (43) 

Then there exists a time T t = T*(k, £/, Jif) e (T, 0) such that for each t e [r*, 0], x i-> u t (x) has 
bounded derivatives up to (k - \)-order, and solves the following quasi-linear partial integro- 
differential equation: 

r° 

u t (x) = (p(x) + J [£°u s (x) + £ d u s (x) + f s (x)]ds, V(t, x) e [T t ,0] x R d , 

where 

£, c u,(x) := diU t (x)G l t J (x, u t (x))b j + ^didjU t {x){G J t {x,u t {x))AGt{x,u t {x))) l] 

and 

£ d u t (x) := J \u t (x + G t (x, u t (xj) ■ z) - u t (x) - diU t (x)G' t j (x, u t (xj) ■ z ; ]v(dz)dr. 
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Proof. We follow the argument of Friedman [8|. By Proposition ^. 1 1[ for T < t-h < t < 0, we 
have 



u t - h (x) = B[(B(p(X tt0 (y)))\y = x t -Ux)] +E E (J fr(X t , r (y))& 
+ eU J r (X t - hr (x))&r\ 

^ fr(X t -h,A 



y=X 1 - hJ (x) 



= Eu t (X t . Kt (x)) + i fr(X t - h , r (x))dr\ . 

By Lemma [3T2l it is easy to see that there exists a time T t = T t (k, g/, J^) < such that for 
each t e [T„, 0], u t (x) has bounded first and second order continuous derivatives. Thus, we can 
invoke Lemma I3TI to derive that 



^(u,^ h (x) - u t {x)) = ^(Eu t (X t - K t(x)) - u t (x)) + ^ E |j^ fr(Xt-hA x ^ dr 



t-h 



£ c u t (x) + £ d u t (x) + f t (x) as h | 0. 

On the other hand, from the above proof, it is also easy to see that for fixed x e R d , t h-> u t (x) is 
Lipschitz continuous. Hence, 

JO p0 
d s u s (x)ds = J [£ c u s (x) + £ A u s {x) + f s (x)]ds. 

The proof is thus complete. □ 

3.2. Bounded data and constant big jump. In this subsection we assume that (H k ) holds for 
some k > 3, and G, (p and / are uniformly bounded and continuous functions. Consider the 
following SFDE: 



X us (x) = x+ f f g t<r (x)-zN(dr,dz)+ f f zN(dr,dz) 

J(t,s]J\z\<l J(t,s\J\z\>\ 

+ f @tA*)-bdr+ f g 1>r (x)dW?. 

J(t,s] J&s] 



where Q t ,A x ) ls defined by (l36l) . In this case, Lemmas 13 . 1 1 and [3T21 still hold. We just want to 
mention that (1381) should be replaced by 

X t -h,t-hs(x) — » * in probability as h J, 0, 

and (1391) becomes 

Xtl = ei+ f f g%-zN(dr,dz)+ f Q% ■ bdr + f Q%dWf. 

J(t,s]J\z\<l J(t,s] J{t,s] 

Thus, the following result can be proved along the same lines as in Theorem 13 .31 We omit 
the details. 

Theorem 3.4. Assume that (Hj.) holds for some k > 3, and G, tp and f are uniformly bounded 
and continuous functions. Let {X ts (x), T<t^s^0,xe R rf } be the short time solution of SFDE 
ft24\) in Theorem \2.14\ and u t (x) be defined by ft43\) . Then there exists a time T t = T t (k, e 
(T, 0) such that for each t e |T*, 0], x i-» u t (x) has bounded derivatives up to (k - 1 )-order, and 
solves the following quasi-linear partial integro-dijferential equation: 

u t (x) = (f(x) + [£ c u s (x) + £ d u s (x) + f (x)]ds, V(f, x) e [T„ 0] x R d , 
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where 

£, c u t (x) := diU t (x)G) J {x,u t (x))bj + ^didjU t (x)(G\(x,Ut(x))AG t (x,u t {x)))'j 

and 



£ d u t (x) : = I u t (x + G t (x, u t (x)) ■ z) - u t (x) - diU t (x)G l /(x, u t {x)) ■ zj \v(dz) 
+ I \u t (x + z)- u t (x)]v(dz). 

J\z\>l 



4. Semi-linear partial integro-differential equation: Existence and uniqueness of weak 

solutions 

In this section we consider the following semi-linear partial integro-differential equation: 

d t u t + £, u t + G l t (x, u t )djU t + F t (x, u t ) = 0, uq = <p, t < 0, (44) 
where £o is the generator of Levy process L t given by (fl"5l) . and 

G e S(R-;W l '°°(R d x R k ; R d )), F e S(R-;W 1 '°°(R d x R k ; R k )), <p e W 1 ' 00 ^; R k ). (45) 

Here and below, W 1 ' 00 denotes the space of bounded and Lipschitz continuous functions, & or 
Si oc denotes the space of uniformly or locally bounded measurable functions. 

Let us first give the following definition about the maximal weak solution for equation (1441 . 

Definition 4.1. For T < 0, we call u e &i oc ((T, 0]; W [ ' co (R' 1 ;R k )) a maximal weak solution of 
equation ft44\) if 

lim|]VM f (x)||oo = +oo, 
and for all e C™(R d ; R k ) and t e (T, 0], 

( 



(u s ,£* ifr)dr+ J (Giiu^diUs + Fsiu^^ds, (46) 

where {(p, ifj) := f Rd (p(x) ■ i)j(x)dx, and JL* Q is the adjoint operator o/Xo and given by 

£* if/(x) := -aijdidjip - bid^ + \ \if/(x - z) - ift(x) + l lzl<l diif/(x)zi]v(dz). 

The main aim of this section is to prove the following existence and uniqueness of a maximal 
weak solution as well as global solution for equation (1441) . 



Theorem 4.2. (i) (Local maximal weak solution) Under d45D . there exists a unique maximal 
weak solution u t (x) for equation j[44\) in the sense of Definition \4.1\ Moreover, let T be the 
maximal existence time, then for any t e (T, 0], 

IML < IML + \t\ sup ||F,|U (47) 

se[f,0] 

(ii) (Non-negative solution) If for some j = 1, • ■ • , k, the components <pi and F j are non- 
negative, then the corresponding component of weak solution in (i) are also non-negative. 

( Hi) ( Global solution ) Let *?(£) be the Levy symbol defined in ( f77D with b = A = 0. If for 
some a e (1, 2), 

ReOF(£)) x W as £| ^ oo, (48) 

where a x b means that for some C\,c-i > 0, C\b < a < c^b, then the maximal existence time T 
in (i) equals to -oo. In the case that b = v = and A is strictly positive, then T also equals to 
— oo. 
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Remark 4.3. Since we have estimate W7\ , it is easy to see that the assumption on G in rt?5l ) can 
be replaced by 

G e S(R^; W l '°°(R d x B R ; R d )), VR > 0, 
where B R :={xeR k : \x\ < R}. 

For proving this theorem, let us begin with studying 

4.1. Linear partial integro-differential equation. In this subsection, we firstly study the ex- 
istence and uniqueness of weak solutions for the following linear PIDE: 

d t u t + X. u t + G\(x)diU t + H t (x)u, + f t (x) = 0, Uq = <p, t < 0, (49) 



where G : 



x 



x 



x R k , f : R_ x 



and ip : 



are 



bounded measurable functions. 

Let us start with the following case of smooth coefficients (cf. U6J), which is the classical 
Feynman-Kac formula. Here, the main point is to prove the uniqueness. 

Theorem 4.4. (Feynman-Kac formula). Assume that 

G 6 S(R_; C™(R d ; R d )), H e S(R_; C™(R d ; R k x R*)), 

/ e £(R_; C™(R d ; R k )), cp e C™(R d ; R k ), 

where C£° denotes the space of bounded smooth function with bounded derivatives of all orders. 
Let {X u (x), t < s < 0, x 6 R d } solve the following SDE: 

X us (x) = x + J G r (X Ur (x))dr + J dL r , 

and {Z ts (x), t < s < 0, x e R d } solve the following ODE: 

ZtJx) = I + £ W)) • Z ur (x)dx. 



Define 



u t (x) := E[Z uQ (x)(f(X uQ (x))] + . 



(x)f-(X t Ax))dr 



Then u e C(R_; C?(R d ; R k )) uniquely solves the following linear PIDE: 



r 



u,(x) = <p(x) + [£ Q u s (x) + G' s (x)diU s (x) + H s (x)u s (x) + f(x)]ds, V(t, x)eLx 



(50) 



(51) 



Proof. By smoothing the time variable and then taking limits, as in Section 3, by careful calcu- 
lations, one can find that u defined by (EH belongs to C(R_; C™(R d ; R k )) and satisfies (|5TT) . 
We now prove the uniqueness by the duality argument. Let X t>s (x) solve the following SDE: 

X us (x) = x - J G r (X Ur (x))dr - J dL r , 

and Z ts (x) solve the following ODE: 

%t, s (x) = Imxm + J [H r (X Ur (x)y + divG r (X Ur (x))I mxm ] ■ Z ur (x)dx. 

Fix T < and i/r e C™(R d ; R k ), define 

u t {x) := E [z r _ fi0 (x)(A(X r _, i0 W)] • 



As above, one can check that 



u t (x) = if/{x) + J" [£* u s (x) - G l s (x)djU s (x) + H s (xfu s (x) + di\G s (x)u s (x)]ds . 

Let u e C(R_;C£°(R rf ;R fc )) satisfy equation (ED with (p = f = 0. Then by the integration by 
parts formula, we have for almost all t e [T, 0], 

d t {u t , u t ) = - lyLou t + G' t diU t + H t u t , u?j + (u t , -C u t - G t diU t + H\u + divG,w^ = 0. 

From this, we get 

(u T ,iff) = (u T ,u T ) = (u Q ,uo) = 0, 
which leads to u T (x) = by the arbitrariness of if/. □ 

For I e N, we introduce a family of mollifiers in R ; . Let p : R € — » [0, 1] be a smooth function 
satisfying that 

p(x) = 0, V|jc| > 1, | p(x)dx=l. 

We shall call {p E (x) := s~ e p(x/s), s e (0, 1)} a family of mollifiers in R c . 
Next, we relax the regularity assumption on G, H, f and <p, and prove that 

Theorem 4.5. Assume that 

G e S(R_; W hco (R d ; R d )), H e £(R_ x R d ; R k x R k )), 
f e &(R-;W u °°(R d ;R k )),<p e W l '°°(R d ;R k ). 

Let u t (x) be defined as in rt50l) . Then u t (x) e 2?/o C (R_; W l, °°(R d ; R k )) is a unique weak solution of 
equation rf?9l) in the sense of Definition \4.1\ 

Proof. We only prove the uniqueness. As for the existence, it follows by smoothing the coeffi- 
cients and then taking limits as done in Theorem 14. 81 below. 

Suppose that u e S foc (R_; W 1 '°°(R d ; R k )) is a weak solution of equation <g9J with <p = f = 
in the sense of Definition 14. 1[ We want to prove that u = 0. Let p £ be a family of mollifiers in 
R d . Define 

u E {x) := u t * p e (x), G E {x) := G, * p £ (x), #f(x) := H t * p e (x). 
Taking if/{-) = p E (x - •) in (|46l) . one finds that wf(x) satisfies 



«?(*) = | UX(x) + G?'(Jc)3f«?(*) + fl?(*K(x) + / s £ «]ds, 
where 

//(x) = {G\d iU ) * p s (x) - G E f{x)d i u E s {x) + (H s u s ) * p s (x) - H s s (x)u s s (x). 
By the property of convolutions, we have 

H//IU < 2||G,,|U|V M |L + 2||//,|U|| M |U (52) 
and for fixed s and Lebesgue almost all x e R d , 

0, s^0. (53) 

Let Xf^jc) solve the following SDE: 

Xlix) = x + J G^ r (*))dr + J dL r , (54) 
and Z E s {x) solve the following ODE: 

Zf tS (x) = I mxm + J H E (X E r (x)) ■ Z E r (x)dx. (55) 
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By Theorem WM u%x) can be uniquely represented by 



u s t {x) :- 



(x)f:(x? s (x))d S 



For completing the proof, it suffices to prove that for each (t, x) e R_ x R d , 

k?(jc) -» 0, e -> 0. 



Since by (p5l) . Zf/x) is uniformly bounded with respect to x, s and 5 6 [t, 0], we need only to 
show that for any nonnegative if/ e C™(R d ), 



n 

Jt JR d 



\f:\(Xl(xM(x)dxds 



0, s -> 0. 



For any 7? > 0, by (1521) . we have 



7f< 



f r i/ s e i(x r £ s .(x))'A(^dxd5 

Jf J|X?,(x)|<R 



+ C f I 



nf(i)dids 
, ', £ ,U)|>R 



f f |/ s £ |W l A(^;- 1 (x))det(V^;- 1 W)dxd. 



-0 



+ 



C, f f > J?Wx)djcdj. 

From equation (|54l) . it is by now standard to prove that 

C := sup sup sup | det(VXf; _1 (x))| < +oo. 

se(0,l) *eR<* seftO] 

Thus, for fixed 7? > 0, the first term in (|56l) is less than 



(56) 



CollVlloo 

Moreover, by equation (|54|) . we also have 



r r i/ s £ iwd^d^ -> o. « -> o. 

Jt J\x\<R 



lim supP{|Xf»| > tf} < lim |x| + 



R— >oo 



jVl! 



dr + |L 4 -L r | >i?^ = 0. 



The proof is complete by first letting e — » and then 7? — » oo in (l56l) . □ 

As an easy corollary of this theorem, we firstly establish the uniqueness for equation (|44l) . 

Theorem 4.6. Under ri45l) . ?/We exxsts a? most one wea/c solution for equation ft44\) . 

Proof. Let w (0 6 S /oc ((T, 0]; W 1 ' 00 (R d ; R*)), z = 1, 2 be two weak solutions of equation (gU) in 
the sense of Definition 14.11 Define u t (x) := u t '(x) - u\ \x). Then u t (x) satisfies that for all 

iff G qr(R d ; R k ), 



<w,,£ ( »dr + J (Gi( M ( v 1) )^ 4 ,<A)d5 + J (H s u s ,iff)ds, 



where 



:= |jT V,Gi(jc, ^(x) + eu s (x))dejdiuf\x) + JT V M F,(x, 4 1} (x) + eu s (x))d0. 



By (1451) . it is easy to verify that 



)) 
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and 

(s,x) i > 6 £, oc ((7\0];£(R d ;R*)). 
Thus, by Theorem 14.5 [ we conclude that u t (x) = 0. □ 

4.2. A special form: F,(x, u) = /,(*) independent of u. Consider the following SFDE: 

X ttS (x) = x + J G r (x„(x), E^(<p(X tfi (x)) - J fAXtyWW)] dr + J dL r , (57) 

where G : L x I 11 x 1* ^ R rf , / : L x I 1 * -> R J and ^ : R rf -> are bounded measurable 
functions. 

We need the following continuous dependence of the solutions with respect to the coefficients. 

Proposition 4.7. Suppose that (G®,f®,(p®),i = 1,2 are two groups of bounded measurable 
functions, and for some K > and all t e R_, x, jc' 6 M, d and u, u' e R*, 

\Gf{x, u) - Gfix 1 , u')\ + \tf\x) - /*V)I + l? (0 (*) - V ( V)I < K(\x - x'\ + \u - u'\). 
Then there exists a time T < depending only on K such that for all t e [T, 0] and x, y € M. d , 

f° 

'(iV _ ywaai <- oi v- _ ^ i _i_ o I ii^ 1 ) _ r;( 2 )i 



+ 2£|r| 1 - + J" ||/,« - |Udr I , (58) 



sup E\X^(x) - Z^(y)| < 2|jc - y| + 2 J ||G^ - G^ILdr 

S€[t,0] 

-0 

n(D_^(2)|| j. I II /■(!)_ f(2)| 



where X®(x) is the solution of 071) corresponding to (G ( '\ f ( '\ <p (,) ). 
Proof. Set 

By (1571) and the assumption, we have 

E\ZJ < |* - y\ + J ||G« - G< 2) |Ldr + Z J lE|Z f>r | + - </> (2) |L + £E|Z,, | 

+ J lUdZ+A- J E|V|dr'Jdr 

< |x - y\ + J ||G« - Gf ||„dr + £|?|(||^ (1) - ^ (2) IU + J - /flUdrj 
+ JT E|Z f , r |dr + K 2 \t\ |e|Z (j0 | + ^ E|Z f , r |drJ 

< |x - y| + J ||Gf - Gf >||„dr + K\t\[\\<p {r) - V (2) |U + J - / r (2) |LdrJ 
+ + K 2 \t\ + K 2 \t\ 2 ) sup E|Z, >r |. 

re[f,0] 

From this, we immediately conclude the proof. □ 

Theorem 4.8. Assume that (G, /, <p) are bounded measurable functions and satisfies for some 
K > and all t e R_, jc, jc' e R d and u, u' e R k , 

\G t (x, u) - G t (x', u')\ + \f(x) - f,(x')\ + \cp(x) - (p(x')\ < K(\x - x'\ + \u- u'\). 
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Then there exists a time T = T{K) < such that 

u t {x) := Bp(X tfi (x)) +eU f r (X t<r (x))dr | (59) 



is a unique weak solution of equation ([44v on [T, 0]. 

Proof. Let (G e , f E , ip £ ) be the smooth approximation of (G, /, </?) defined by 

G 8 t (x,u):=G*pf(t,x,u), f t %x):=f*p^(t,x), <p s {x) = <p *p? ) (x). 
where p e (resp. pi } and p^) is the mollifiers in m d+k+1 (resp. R'' +1 and R d ). It is clear that 

HVGflL + ||V/ f £ |U + WWW™ < K. 

By Theorem l2.7l and Proposition l4.7[ there exists a time T = T(K) such that for all T < t < s < 

and x 6 R rf , 

limE|Xf,(jc)-X„(jc)| =0, 

eiO 



where Xf s (resp. is the solution family of SFDE (1571) corresponding to the coefficients 
(G £ , f E , (f £ ) (resp. (G, /, tp)). Using this limit, by the dominated convergence theorem, it is easy 
to verify that for each (t, x) e [T, 0] x R d , 

u £ t {x) -» u t (x), (60) 



where u E t {x) is defined through <p £ ,f £ and Xf s (x) as in (1591) . Moreover, by Proposition 14.71 we 
also have 

sup sup HVwjIU + sup IIVMflU < C t ,k < +°°- (61) 

£€(0,1) t€[T,0] te[T,0] 

On the other hand, thanks to (loTI) . by Theorem l3.4[ there exists another time T = T'(K) e [T, 0) 
independent of e such that 

£ u £ (x)dr + J G i r (x,u £ (x))d i u £ .(x)dr + J f £ (x)dr. 
In particular, for all if, e C ( 7(R c/ ) and all t e [T', 0], 

<«f , «A> = <^ e , «A> + J° <i£ X ( >> dr + J° (G« (itf^, «A) dr + (f £ , if,) dr. (62) 
We want to take limits for both sides of the above identity by (l60l) . The key point is to prove 

(G s /(u s r )diU%ifr)dr^ J (G>,-)^ r ,<A)dr, 
which will be obtained by proving the following two limits: 

((G £j (u £ ) - Gliurmu*, if,) dr -> 0, s -> 0, 
(G>(u r )d f (i£ - u r ), iff) dr -» 0, e -> 0. 



r 



The first limit is clear by (|60l ), (|6T| ) and the dominated convergence theorem. The second limit 
follows by (|60l ), ( |6TT) and the integration by parts formula. □ 

Now we are in a position to give 
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4.3. Proof of Theorem 14.21 We divide the proof into three steps. 
(Step 1). Fork e S(R_; W 1,O0 (R rf ;R*)), define 

f r h (x):=F r (x,h r (x)) 

and 

Jf := sup(||VG J |U + ||VF,|| 00 ) + ||V^|U. 
In this step, we prove the following claim: 

Claim: For given U > 4||V<£>|| 00 , there exists a time T = T(J% r , U) < such that for any 
bounded measurable function h : R_ x ~R d — » R m satisfying sup, e|T0] IIV^U^ < £/, it holds that 

\\uX < |MU + |f| sup ILfflU (63) 

seft.O] 

and 

sup HVwflL < £/, (64) 

re[r,0] 

where u\{x) is defined by 091) in terms o/^, an J Xf S (x), and [Xy s (x), <0,xe R J } 

ij unique solution family ofSFDE 071) corresponding to ( G, f h , cp). 



Proof of the claim. By Proposition 14.71 there exists a time T\ = T\{J(f, U) < such that for 

all x,ye R d , 

sup E|Z t ,^)-Z M Cy)|<2|x-y|. 



Ml 



Using this and by the definition of w* (x) (see (1591)). we have 

\u h t {x) - u h t iy)\ < 2||V^|| 00 |jc - y| + 2 f (||V,F r |L + IIV^ILt/)]* - y|dr 



So, 



sup HV^IU < 2||V(^|U + 2|f| sup (||V,F,|L + WVuF^U) < 2||V^|| 00 + 2|f| JT(£7 + 1). 

se[£,0] .ve[f,0] 



Since U > 4||V^|| co , choosing T = "J™ 1 ™ A T u we obtain (l64j>- Estimate d63j follows from 
definition (1591 

(Step 2). Set «°(x) = ip{x). We construct the following iteration approximation sequence: for 

neN, 

Xl(x) = X%\x), u n t (x) := uf\x), ff(x) := //^(x) = F(x, u n t ~\x)). 
By the above claim, there exists a time T\ = Ti(^) < such that for all neN, 

IKIL < IMU + \t\ sup ||F,|U sup ||V<|U < 4||V^|U. (65) 

se[i,0] f6[Ti,0] 

Hence, 

IIVyriL < ||V,F,|U + IIV^IUIIV^-'IL < l|V,F f |L + 4||V„F f |L||V^|U. 
Thus, by the definition of u"(x) (see (|59~1 )) and Proposition 14.71 again, there exists another time 
T = T{Jf) G [T u 0) such that for all n, m e N and t e [T, 0), 

IK-nriU<||V^|| co supE|X f " W-X;^)|+ f ||/;-riUdr 

+ f nv/; l iUsupE|x;; r (x)-x;" r (x)|dr 
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where C is independent of n, m. By Gronwall's inequality, we obtain that 

lim sup ||w" - M^Hoo = 0. 

Hence, there exists an u, e S([T, 0] x R d ; R k ) such that 



lim sup \\u" - UfWcc = 0, 

n ^°° t€[T,0] 

and by (|65l) . 

INL < IMloo + \t\ SUp ll^vlloo, SUp HVWfUoo < 4||V^c>|| 00 . 
se[t,0] te[T,0] 

On the other hand, by Theorem HTSl u n t (x) satisfies that for all iff e C™(R d ; R k ), 

Thus, one can take limits as in Theorem l3.4l to obtain the existence of a short time weak solution 
for equation (1441) . Moreover, (ii) follows from (l59l) . The existence of a maximal weak solution 
can be obtained as in the proof of Theorem 12. 121 by shifting the time and induction. Thus, we 
conclude the proof of (i) and (ii). 

(Step 3). Let u e £ /oc ((r,0]; W h °°(R d ;R k )) be a maximal weak solution of equation <@H. 
Define for (t, x) e (T, 0] x R d , 

b t (x) := Gt(x,u t (x)), f t (x) := F t (x,u t (x)). 

Then it is clear that 

b e S hc ((T, 0]; W lfia (R d ; R d )), f e S loc ((T, 0]; W l >°°(R d ; R k )). 
For t e (T, 0], let [X tiS (x), t<s<0,xeR d } solve the following SDE: 



X ttS (x) = x + ^ b r (x t r (x)}&r + ^ dL r , s e [t, 



,0]. 

Jt v ' Jt 
Define 

u t (x) := B(<p(X tfi (x))) + J E(/XX t , s (x)))d*. (66) 
By Theorem 14.51 we have 

u,(x) = u t (x), V(f, x) e (T, 0] x R rf . 
Suppose now that T > -oo. For completing the proof, it is enough to show that 

lim || Vw f (x)||oo < +oo. 

tlT 

It immediately follows from (l66l) and the following claim proved in lfl6l Theorem 4.5], which 
is stated in a slight variant. 

Claim: Under ft48\) or A non-degenerate, for any bounded continuous function <p and T < t < 

\\m^x ttl (-))\\ eo <c 1 (\t-s\Aiy 1/a \ 

where C\ only depends on d, a, T and the bound ofb. 
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